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Abstract

We investigate the low temperature behaviour of a two-parameter generalized
bosonic quantum gas with SU,, /4, (2)-symmetry, where g; and g, are real
independent deformation parameters. We calculate, in the thermodynamical
limit, several statistical and thermodynamical functions of the system through
an SUy, /4,(2)-invariant bosonic Hamiltonian. In the low and high temperature
limits, the specific heat of the system is obtained in terms of some functions
of the deformation parameters ¢; and ¢,. At the critical temperature being
higher than that of the free boson gas, the specific heat of the two-parameter
generalized boson gas exhibits a A-point transition behaviour. We also discuss
the conditions under which the Bose—Einstein condensation would occur in the
present two-parameter generalized boson model. However, the free boson gas
results can be recovered in the limit ¢, = g, = 1.

PACS numbers: 02.20.Uw, 05.30.Jp

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Quantum groups and their associated algebras, which are specific deformations of classical Lie
groups and Lie algebras with some deformation parameter g (real or complex), have recently
attracted a great deal of interest from both mathematicians and physicists. Originally, they
emerged in studies of the quantum inverse scattering problem method and in the solution of
the quantum Yang—Baxter equation [1]. These quantum groups and quantum algebras have
been applied to several research areas of physics including two-dimensional conformal field
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theories [2], exactly solvable statistical models [3], noncommutative geometry [4] and the
nuclear quantum many-body problem [5].

On the other hand, another direction of applications has focused on the field of statistical
mechanics. For instance, possible connections between quantum groups and generalized
statistical machanics have been studied [6]. We should also add that some earliear studies
have been conducted to obtain a physical interpretation of the deformation parameter g by
considering a canonical ensemble of g-oscillators [7], which are g-deformations of the bosonic
harmonic oscillator algebra. Meanwhile, statistical and thermodynamical properties of a gas of
g-deformed bosons as well as fermions have been extensively investigated in the literature [8].
Furthermore, some two-parameter generalizations of thermodynamical characteristics of a gas
of (p, g)-deformed bosons without interaction have also been realized [9]. The high and low
temperature thermodynamics of the one-parameter deformed boson gas having the symmetry
of the quantum group SU, (2) have recently been studied by Ubriaco [10-12]. In these studies,
the interactions among the bosonic particles of the system are fixed by the quantum group
SU,(2). Infact, such interactions result from the quantum group invariance of the Hamiltonian
of the system. The results of such studies have recently been generalized to the two-parameter
deformed quantum group boson and fermion gas models [13-15]. However, a different
bosonic generalization has been carried out by considering the two-parameter quantum
group GL, ,(2)-invariant boson gas defined under the condition p = ¢*, (p,q) € C by
Jellal [16].

In particular, the high temperature behaviour of a fermionic gas whose particle algebra is
covariant under the quantum group SU,,(2) has a crucial importance [14]. It is shown that
this two-parameter SU )/, (2)-fermion model in two spatial dimensions exhibits remarkably
an anyonic type of behaviour at some critical values of the deformation parameters ¢ and p.
However, it is impossible to obtain a similar behaviour neither in the one-parameter deformed
SU,(2)-fermion gas model [10] nor in the free fermion gas model. Such interesting results
have thus motivated us to study thermodynamical and statistical aspects of a bosonic version
of the SU,(2)-fermion model.

In this paper, we aim to study the thermodynamical properties of a bosonic gas having
the symmetry of the quantum group SUy, 4,(2). The results obtained in this way will serve
as a two-parameter generalization related to the low temperature thermodynamics of earlier
quantum group boson gas studies [10—12]. We start with a bosonic Hamiltonian invariant under
the quantum group SU,, 4, (2). We construct this Hamiltonian from the operators generating a
two-parameter deformed SU,, 4, (2)-invariant boson algebra. Obviously, this algebra becomes
the ordinary boson algebra in the limit ¢; = g, = 1. We then investigate the low temperature
(high density) behaviour of such a two-parameter deformed boson model with SUy, /4,(2)-
symmetry in the thermodynamical limit. Particularly, by considering the role of deformation
parameters ¢, and ¢, we discuss the conditions under which the Bose—Einstein condensation
would occur.

The paper is organized as follows. In section 2, we review some basic definitions
and properties concerning the quantum group SU, (2)-bosons, and present its two-parameter
generalization SU,, /4, (2)-bosons. In section 3, we introduce our model described by an
SUy, /¢,(2)-invariant bosonic Hamiltonian. This leads to the discussion of thermodynamics of
the model obtained via the grand partition function given in section 4. In particular, we find,
in the thermodynamical limit, the average number of particles, the critical temperature T, and
the internal energy U of the SUy, 4,(2)-boson gas. In the low and high temperature limits, we
then calculate the specific heat of the system in terms of some functions of the deformation
parameters ¢g; and ¢,. In the last section, we discuss the phenomenon of Bose—Einstein
condensation in the present two-parameter SU,, /4,(2)-boson model and give our conclusions.
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2. Quantum group SUy, /4,(2)-bosons

In this section, we recall the general properties of the SU,(N)-bosons and present its two-
parameter generalization. The usual boson oscillators satisfy the following commutation
relations:

¢l¢j_¢j¢l:81/7 ¢l¢1_¢]¢l:07 ¢1*¢l=N17 l7J=1’27’N7 (1)
where ¢; and ¢; are the bosonic annihilation and creation operators, respectively, and N; is
the boson number operator. These oscillators are invariant under the action of the undeformed

group SU (N). The quantum group analogues of these relations are defined by the following
commutation relations [17]:

;P = 8 + q Ruiji ] Py, )

Q0 =q 'Rjin®;®;, i,j=1,2,...,N, 3)
where the N> x N2 matrix Rjiw [4] s

Rjin = 8x8u(1+ (g — D8;j) +(q — g~ 8810 — i), 4)

and the function 8(j — i) = 1 for j > i and zero otherwise. Under the linear transformation
N

o =) TP, )
j=1

where the matrix T € SU,(N), the relations given in equations (2) and (3) are invariant. The
SU,(N) transformation matrix T and the R matrix satisfy the following relations [18]:

RT,T, = T,T\R, (6)
Ri2R13R»3 = R3Ri3R12, )

where 1 =T ®1, T, =1 T €V ®V and (R23)ijkirjk = i Rjx jw € VROV QV.
It can be obtained from equation (6) through a unitary quantum group matrix [19]

a b
T=<c d)’

that
ab = gba, ac = qca cd = gqdc,
bd = qdb bc = cb, ad —da = (g — g Ybc 8)
Dety(T) = ad — gbc =1,

with the unitary conditions a* = d, b* = —qc, ¢ € R. In paticular, for N = 2, the

SU,(2)-invariant algebra generated by the quantum group bosons ®;, i = 1, 2, is given by
the following relations [17]:

Cblq)T — QZCI)TCDl = 1,

D% — g2 D5y = 1+ (> — NPTy,

Q,0; =qdr9y,

CD1CD; =dq chbl ,
in which they become the usual boson algebra in the limit ¢ = 1. However, we exploit
a different quantum group, SU,(2)-bosons, where r = ¢q/q>. Although two-parameter
extensions of such investigations have been studied earlier [20], the two-parameter deformed

SUy, 14,(2)-invariant bosonic oscillator algebra was first introduced in [21] during a realization
of the most general quantum group invariant oscillator algebra.

9
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The two-parameter generalized bosonic quantum gas with SU,, /,,(2)-symmetry is
generated by the quantum group invariant bosonic ®; oscillators and defined by the following
deformed commutation relations [21]:

D0} — g1 PTO; = g5",

Py 5 — g7 P3Py = g3V + (47 — 43) PPy,

D10, = qig; ' D2 Py, (10)
PID3 = qag; PO,

D1P% = q1g2 5Py,

where N is the total boson number operator and ¢;, g, are the real independent deformation
parameters. Hereafter, we will consider 0 < g¢; < oo and 0 < g, < 0o. Moreover, the total
deformed number operator for these two-parameter deformed oscillators is

PP + P3P, =[Ny + N2] = [N], (11)
whose spectrum is defined by the following Fibonacci basic number [#]:
an _ an
[n] = 2—1, (12)
9, — 43

which is a generalization of the usual g-numbers. Since all thermodynamical and statistical
functions in this study are obtained in terms of this generalized g-number, the Fibonacci basic
number [n] will be of crucial importance for the present two-parameter boson gas model.

With the above theoretical motivation in mind, one can check that the two-parameter
deformed bosonic algebra in equations (10) and (11) shows SUy, 4, (2)-symmetry. Our
deformed bosonic algebra is invariant under the following transformation:

o\ D1\  fa —qlqz_lb* D,
(0)=7()=G ") (@) a3

such that T is the transformation matrix and T € SUy, 4, (2). The elements of matrix T satisfy
the following equations:

ab = qlqglba, ab* = qlqglb*a,

bb* = b*b, aa* +qlq,*b*h = 1, (14)

a*a +bb* = 1.
If we can rewrite all relations in equations (10) and (11) for the transformed ones, one can
readily see that our system remains unchanged. We note that the matrix elements of T are
assumed to commute with @, &5, &7, 7.

Before closing this section, we should also emphasize some important limiting cases of the
SUy, /4, (2)-invariant bosonic oscillator algebra in equations (10) and (11). The one-parameter
deformed SU, (2)-invariant bosonic oscillator algebra can be obtained in the limit g, = 1 as
defined by equation (9). In the limit g; = g, = 1, one can recover the usual bosonic algebra
in equation (1).

3. SU,, /4,(2)-boson model

In this section, our aim is to find a representation of ®; oscillators in terms of the usual bosonic
oscillators ¢;. First, we consider the following Hamiltonian in terms of SU,, 4, (2)-generators
for two different kinds of bosonic particle families with the same energy,

Hp =Y ex(My s+ M), (15)
k
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where the deformed boson number operators M, ; and M, ; are defined as

My = @7, Py, My = @5, Do, (16)
&y is the spectrum of energy, k =0, 1,2, ..., and [Cbl o @] =0,fork # k'. The operators
M, and M, satisfy the following relations for a given k:

My®) — g7 ® 1My = 0, M, ®; — gy *®yM; = 0. (17)

The normalized states of the above Hamiltonian can be built by applying the operators ®* on
the vacuum state |0, 0) for a given k as

Imy, ma) = 1/y/[m1[ma]'®%" 3710, 0), (18)

where the Fibonacci basic number [m] is defined in equation (12). In order to express a new
representation for ®; oscillators in terms of the usual bosonic oscillators ¢; x and ¢/, satisfying
equation (1), we propose the following representations for a given k:

= (¢D) ' [N1lgy", d>’f =¢1qy", (19)
= (¢) "' [N2lg;". = ¢3q; " (20)
By means of this representation, we are able to rewrite the Hamiltonian in equation (15) as
Hp = &N+ N, 1)
k

where N; ; = ¢;f «®i.x and the spectrum of the bracket [N| + N,] is given by equation (12). Itis
important to note that when we compare this new Hamiltonian with the original Hamiltonian
in equation (15), this representation brings about an interacting Hamiltonian for the system
of two different kinds of bosonic particle families. This results from the two-parameter
quantum group symmetry of the system. Also, such an interaction is fixed by the deformation
parameters ¢g; and ¢g,. The non-interacting system generated by free bosonic particles can
obviously be obtained in the limit ¢; = ¢» = 1. The low temperature thermodynamics of
a gas of such two-parameter deformed quantum group invariant bosonic oscillators will be
discussed in the next section.

On the other hand, we would like to generalize the representations given in equations (19)
and (20) for arbitrary N case via the following transformations:

- (¢f>-1[N1]qZ'N:2 i

R AT
= (¢3>—1q{V‘*”2[N3]q§'=4 N 22)

®, = @) g VNI,

and for the adjoint equations

* — (¢1}<) 2 IN:ZNI7
NN,
—Cll (452)612 =
qj; =q 1+N2(¢3)‘]2 = Nl, (23)

of =g Vg,

m
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4. Low temperature thermodynamics of SU,, /4,(2)-boson gas

In this section, we investigate the low temperature (high density) behaviour of the SU,, /4, (2)-
boson gas described by the Hamiltonian in equation (21). This Hamiltonian can also be written
as

o0

& 21(N; + N,)!
Hp=3Y ——— > 1” 2 (nl ¢, —In' qy). (24)
k (ql qZ) =1 :

The grand partition function Zg of the system is

Zg =Tr exp |:—,8 Zsk(q)f’kcbl,k + q>;kq>2’k):| ePHNLitN21) (25)
k

where the trace is taken over the states in equation (18). From equations (19)—(21), this grand
partition function becomes

oo oo
Zp = 1_[ Z Z e Perlnitml] ofulnitny) (26)

k ni=0n,=0

which can be rewritten as

oo
Zg=[]D_ (n+1ye Ptz 27)

k n=0

where z = ef* is the fugacity. Since we are studying the low temperature (high density)
behaviour of the SU,, /4, (2)-boson gas, we write the above grand partition function in the
thermodynamical limit as

> ArV [ >
InZp =1In (1 >+ l)z”) + 2—3 0 P2dpin (1 >+ 1)e—ﬁ["]8z"). (28)

n=1 n=1

We note that the p = 0 case plays a special role in the ideal Bose gas [22]. Since In Zp

diverges in the p = 0 term as z — 1, we separately account for the term p = 0 as the first
term in the sum of equation (28). Although the quantum algebraic structure of the SU,, /4, (2)-
invariant boson model defined by equations (10)—(12) is symmetric between ¢g; and ¢, the
only limitation for the convergence of the series in the integrand of equation (28) comes
conventionally from the definition of the quantum group SU,(2) with 0 < r < 1. Since
r = q1/q» for our model, we should have the condition g, > ¢ for the rest of the calculations
of this study.
One can calculate the average number of particles (N) by

(Ny=B""'@InZg/dp)r,v, (29)

which leads to

Ve 7
(N) = (N0>+FHX=; P

(30)

where the thermal wavelength is A = / Qnh? /mkT). Equation (30) can also be written as

k3 (N0> )V3

R , 31
v 5 832z, 91, q2) 3D
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Figure 1. The (g1, g2)-deformed functions g3/2(1, 1, ¢2) and gs,2(1, g1, g2) as a function of the
model parameters ¢ and gp for 1 < g1 <8, 1 < g2 < 8.

where v = V /(N) and the (g1, g2)-deformed function g3, (z, g1, g2) is defined by
0 n

832(z, 91, q2) = Z = (32)

— [nPP
with the Fibonacci basic number [z]. In the limit g; = ¢ = z = 1, we find the function
832(1,1,1) = ¢(3/2), which is the Riemann zeta function. Our model will exhibit the
Bose—FEinstein condensation when the following condition is satisfied:
)\3
” = &32(1, q1, q2). (33)

This means that a finite fraction of the particles occupies the level with p = 0. The value
of the (g1, g2)-deformed function g3,»(1, g1, g2) depends on the deformation parameters ¢,
and ¢,. Therefore, these parameters are responsible for the low temperature behaviour of
the present two-parameter boson gas model. Figure 1 shows a plot of the (g, g»)-deformed
function g3/,2(1, g1, g2) as a function of the model parameters ¢; and g».
The critical temperature 7,.(q;, g») for our model can be found from equation (33) as
27 /mk
T(g1.g2) = — - (34)
[v832(1, g1, q2)]

Thus, the (g1, g2)-deformed function g3,(1, g1, g2) < g3p(1,1,1) = £(3/2) = 2.61, which
means that the critical temperature for our model is much larger than the critical temperature
T.(1, 1) for a free boson gas. Moreover, we compare these critical temperatures with those
obtained from the one-parameter deformed SU, (2)-boson model in [11] as follows:

T.(q1, q2) > Te(q) > Te(1, 1). (35)
Obviously, one can find a relation between the critical temperatures of the present two-
parameter boson gas model and the free boson gas:

nmhm>=< 2.61 )”3 36)
T.(1,1) 832(1, q1, q2) '
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Figure 2. The ratio 7.(q1, g2)/Tc(1, 1) of the (g1, g2)-deformed critical temperature 7.(q1, g2)
and the undeformed 7, (1, 1) as a function of the deformation parameters g, g».

In figure 2, we show the plot of equation (36) as a function of the deformation parameters ¢,
and g;.

The internal energy U of the system can be calculated from

=y, 37
B
which leads to
U 3vkT .
= 5785/2(2, q1, 92), (38)

where the (g1, ¢2)-deformed function gs,(z, g1, g2) is defined as

[ee]

Zspz g1 ) =Y

n=1

n

Z
[(n]52

(39)

When we take the limit g = g = z = 1, the function g5, (1, 1, 1) = ¢(5/2) = 1.34. Figure 1
also shows a graph of the (g, g»)-deformed function gs,(1, g1, g») as a function of the model
parameters ¢, and g,. With the above results in mind, the specific heat of the SU,, /4, (2)-
boson gas for temperatures T < T,(q1, g») can be obtained from Cy = (dU /0T )y. For low
temperatures, we have the chemical potential © = 0. Consequently, the specific heat of our
model for temperatures T < T,.(q1, q2) is

Cv _ ggwsg(l,ql,qz)< T )”
k(N) 4 gp(L,q1,92) \Tc(q1,92)
We now wish to summarize some of the results of [13] in a slightly different form in order

to find the specific heat of our model in the high temperature limit, i.e., the limit 7 > T.(q, ¢»).
In this limit, we have

(40)

\%
InZp = F(2z+4zzé(611,612)+~-), 41)
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Cy < Nek

T/T, (g1.92)

Figure 3. The specific heat C,/(N)k as a function of 7/T.(qi, q2) for various values of the
deformation parameters gz and 1 < g1 < 3.

where the function £(q1, ¢») is

1 3 1
)= | —— | “2)
S =g [(wazz)w ﬁ}

From equation (41), we find the fugacity for high temperatures as

N 23 N
z%uﬁ(l— £(q1, 42)¢ )+._.>’ 43)
Vv
and the internal energy in this case is
3(N 23E(q1, g2)(N
Uz_u 1_M+... _ (44)
2 B 1%
Therefore, the specific heat for the limit 7 > T.(g1, g2) is
c 3 V&g, @) (N
v _2 1+M+... . (45)
k(N) 2 2V
Using equation (34), we can rewrite the above equation as
CV 3 1 - Tc(qla 42) 3P
=—|1+= , 1, qi, —_— +o0 . 46
KN 2 [ 55@1.92)832(1. 1. 92) ( T (46)

From equations (40) and (46), we deduce the gap in the specific heatin the limit T = T,(q1, ¢2)
as follows:

AC, 158sp(1,q1,92) 3 [ 1 -

NS — 5|1+ 5801, 92)8p.91.92) | ¢ - (47)
k(N) {4 Bp(lgg) 2 20 A
In figures 3 and 4, we show the plots of the specific heat Cy /k(N) as a function of T /T,.(q1, q2)
for several values of the deformation parameters ¢, and g,.

The pressure for low temperatures can be obtained from P = ~'(dIn Zp/0V )7, as
P(1,q1,q2) = kTA*gsp(1, g1, 42). (48)

By considering the above results, the effect of two deformation parameters on the
thermodynamics of the system will be discussed in the next section.



5954 A Algin and B Deviren

g2=15, 0=TfMe<1

; g2=15  1=TiTc=3
25 E ------ q2=2, 0=TiTe =1
:‘ q2=2, 1=Tic =3

-

) 4q2=3, 0=TiTe =1
.- i E e EE T , 1=TiTc =3

05—~

145 2
/T, (41420

Figure 4. The specific heat C,/(N)k as a function of 7/T.(q, g2) for various values of the
deformation parameters g and 1 < g1 < 4.

5. Discussion and conclusion

In this paper, we studied the thermostatistical consequences of introducing two-parameter
quantum group symmetry to a gas of two different kinds of bosonic particles. In particular, we
discussed the low temperature behaviour of a two-parameter deformed quantum group bosonic
gas with SU,, /4, (2)-symmetry. By means of an SU,, ,,(2)-invariant bosonic Hamiltonian,
we calculated several thermostatistical characteristics via the grand partition function of the
system. We obtained such characteristics in terms of some functions of deformation parameters
of the model. For instance, the average number of particles, the critical temperature, the internal
energy and the pressure are derived for low temperatures. Subsequently, the specific heat of
the system is obtained in the low and high temperature limits. We then focused on the effect
of the deformation parameters g; and g, on these results. The (gq;, ¢»)-deformed functions
&1, q1,q>) and g5p(1, g1, g2) in equations (32) and (39) are obtained as series expressed
in terms of the Fibonacci basic numbers [n]. As shown in figure 1, these deformed functions
become their respective Riemann zeta functions ¢(3/2) and ¢(5/2) in the limit g, = ¢» = 1.
The values of these deformed functions decrease from their maximum values at g; = ¢, = 1
and become approximately constant for ¢; = ¢» > 2. However, we should emphasize that
the values of these deformed functions and thus all other thermodynamical and statistical
functions change more rapidly in the interval 1 < (q1, ¢2) < 2.

On the other hand, as shown in figures 3 and 4, the specific heat of our model shows a
discontinuity at the critical temperature. This is the reason why we called the Bose—Einstein
condensation a second-order phase transition (no latent heat). Furthermore, the specific heat
of the SUy, 4, (2)-boson model has a A-point transition behaviour which is not exhibited by
the free boson gas. Such behaviour is one of the important characteristics of some physical
phenomena such as superfluidity. An interesting point is that when the second deformation
parameter g, increases, the discontinuity in the specific heat of the system decreases (figures 3
and 4) and it disappears in the limit g; = ¢, = 1, showing therefore a free bosonic gas
behaviour.



Bose—Einstein condensation of a two-parameter deformed quantum group boson gas 5955

Also, the gap in the specific heat of the SU,, /., (2)-boson gas at the condensation
temperature decreases with the values of the deformation parameter g,, and becomes
approximately constant after the values g1 > 2.2, g» > 2.5. Another interesting property
of the present two-parameter deformed boson gas is that, for high temperatures, it behaves as a
fermion gas [13] at the value of (¢7 + ¢3) ~ 4.16 and it shows the Bose—Einstein condensation
for low temperatures in the interval g, > q; > 0. Obviously, the results for the free boson gas
can be found in the limit g; = ¢» = 1.

We now wish to discuss other effects of the deformation parameters ¢g; and ¢, on
the algebraic structure of a system of the SU,, /4, (2)-invariant bosonic oscillators. These
deformation parameters play important roles for the system under consideration. Not only
do they constitute a quantum deformation of the classical symmetry group of the system, but
also they describe an interaction between two bosonic particle families. We may interpret
our model as containing two different kinds of bosonic oscillator families which interact
with each other via the deformation parameters ¢g; and ¢, fixed by the quantum group
SUy,/¢,(2)-symmetry. But these two bosonic families do not interact among themselves.
Therefore, in some sense, the entire behaviour of the system is characterized by the model
parameters ¢; and g,. When we take the limit gy = g, = 1, the non-interacting system
with two different kinds of ordinary bosons can be recovered. In the limit g, = 1, these
two bosonic particle families are also interacting via the deformation parameter ¢, but in this
case, one of the bosonic oscillator families does not have the same physical properties as the
other.

As a final remark, the low temperature behaviour of a fermionic version of the present two-
parameter SU,, /4, (2)-boson model could be another direction of this work. One other problem
is how the analysis presented in this paper could be extended to a gas of relativistic bosonic
particles with the same quantum group symmetry. Furthermore, it would be interesting to
investigate the algebraic and statistical consequences of the present two-parameter SU,, /4, (2)-
boson model when the deformation parameter g, /g, is a root of unity. We hope that these
problems will be addressed in the near future.

Acknowledgments

‘We thank the referees for invaluable comments. We thank M Arik for some useful discussions
and also thank B Cetisli for his help in preparing the three-dimensional plots.

References

[1] Kulish P P and Reshetikhin N'Y 1983 J. Sov. Math 23 2435
Jimbo M 1986 Lett. Math. Phys 11 247
Drinfeld V G 1987 Quantum groups Proc. Int. Congress of Mathematicians (Berkeley, CA) ed A M Gleason
(Providence, RI: American Mathematical Society) p 798
Faddeev L D, Reshetikhin N Y and Takhtajan L A 1988 Algebr. Anal 1 129
[2] Alvarez-Gaume L, Gomez C and Sierra G 1989 Nucl. Phys. B 319 155
[3] de Vega HJ 1989 Int. J. Mod. Phys. A 42371
Pasquier V and Saleur H 1990 Nucl. Phys. B 330 523
[4] Woronowicz S L 1987 Commun. Math. Phys 111 613
Manin Y 11989 Commun. Math. Phys. 123 163
Wess J and Zumino B 1990 Nucl. Phys. B 18 302
[5] Sviratcheva K D, Bahri C, Georgieva A I and Draayer J P 2004 Phys. Rev. Lett 93 152501
Ballesteros A, Civitarese O, Herranz F J and Reboiro M 2002 Phys. Rev. C 66 064317
Bonatsos D and Daskoloyannis C 1999 Prog. Part. Nucl. Phys 43 537
[6] Tsallis C 1994 Phys. Lett. A 195 329



5956

A Algin and B Deviren

[7]

(8]

[91

[10]
(11]
[12]
[13]
[14]
[15]

[16]
(17]

(18]
[19]
(20]

(21]
[22]

Abe S 1997 Phys. Lett. A 224 326

Lavagno A and Swamy P N 2000 Phys. Rev. E 61 1218

Lavagno A and Swamy P N 2002 Chaos Solitons Fractals 13 437

Ozeren S F, Tirnakli U, Buyukkilic F and Demirhan D 1998 Eur. Phys.J. B 2 101
Martin-Delgado M A 1991 J. Phys. A: Math. Gen. 24 L1285

Neskovic P V and Urosevic B V 1992 Int. J. Mod. Phys. A7 3379

Bonatsos D 1992 J. Phys. A: Math. Gen. 25 L101

Monteiro M A R, Roditi I and Rodrigues L M C S 1994 Phys. Lett. A 188 11
Lee CR and Yu J P 1990 Phys. Lett. A 150 63

Tuszynski J A, Rubin J L, Meyer J and Kibler M 1993 Phys. Lett. A 175 173
Chaichian M, Felipe R G and Montonen C 1993 J. Phys. A: Math. Gen. A 26 4017
Kaniadaki G, Lavagno A and Quarati P 1997 Phys. Lett. A 227 227

Su G, Chen J and Chen L 2003 J. Phys. A: Math. Gen. 36 10141

Gong R S 1995 Phys. Lett. A 199 81

Daoud M and Kibler M 1995 Phys. Lett. A 206 13

Adamska L V and Gavrilik A M 2004 J. Phys. A: Math. Gen. 37 4787
Ubriaco M R 1997 Phys. Rev. E 55 291

Ubriaco M R 1998 Phys. Rev. E 57 179

Ubriaco M R 1998 Phys. Lett. A 241 1

Algin A 2002 Phys. Lett. A 292 251

Algin A, Arik M and Arikan A S 2002 Phys. Rev. E 65 026140

Arik M and Kornfilt J 2002 Phys. Lett. A 300 392

Kornfilt J 2005 Balkan Phys. Lett. 13 1

Jellal A 2002 Mod. Phys. Lett. A 17 701

Pusz W and Woronowicz S L 1989 Rep. Math. Phys. 27 231

Van der Jeugt J 1993 J. Phys. A: Math. Gen. 26 L405

Takhtajan L A 1989 Adv. Studies Pure Math. 19 1

Vokos S, Zumino B and Wess J 1989 Symmetry in Nature (Pisa, Italy: Scuola Normale)

Chahrabarti R and Jagannathan R 1991 J. Phys. A: Math. Gen. 24 L711
Schirrmacher A, Wess J and Zumino B 1991 Z. Phys. C 49 317

Fairlie D B and Zachos C K 1991 Phys. Lett. B 256 43

Isaev A P and Malik R P 1992 Phys. Lett. B 280 219

Arik M, Demircan E, Turgut T, Ekinci L and Mungan M 1992 Z. Phys. C 55 89
Huang K 1987 Statistical Mechanics (New York: Wiley)



	1. Introduction
	2. aaa
	3. aaa
	4. aaa
	5. Discussion and conclusion
	Acknowledgments
	References

